An antiferromagnetically exchange-coupled dimer of single molecule magnets which possesses a large spin tunneling has been investigated. For this system the ground and first excited states are entangled states and the Hamiltonian is effectively similar to that of a two-state system at 2s th order in perturbation theory, thus this system can be mapped to an entangled pseudospin 1/2 particles. We study the effect interaction and rotation of this system about its staggered easy-axis direction . The corresponding Hamiltonian of a rotated two-state entangled spin system is derived with its exact low-energy eigenstates and eigenvalues. We briefly discuss the effect of a dissipative environment on this rotated two-state system.
Introduction-Macroscopic quantum tunneling and coherence of a single, molecular, magnetic large spin system ( such as Mn 12 and Fe 8 ) has been the subject of interest for many years 1, 2 . These systems are composed of several molecular magnetic ions, whose spins are coupled by intermolecular interactions giving rise to an effective single large spin. Their tunneling behaviour as well as quenching of tunneling have been studied extensively by spin coherent state path integral formalism [1] [2] [3] [4] [5] and experimental method 6 . In its simplest form, the Hamiltonian is comprised of two terms, one termĤ , which commutes with the z-component of the spin and the other termĤ ⊥ , which does not commute with the z-component of the spin is responsible for the tunneling splitting between the two degenerate ground states | ±s ofĤ . Due to tunneling, the ground and the first-exited state become the symmetric and antisymmetric linear superpositions of | ±s . In recent years, the problem of a molecular magnet which is free to rotate about the easy axis has attracted considerable attention. This problem involves the conservation of the total angular momentum due the fact that the rotating nanomagnet couples to its mechanical motion in an equal and opposite directions. It has been studied experimentally for free magnetic clusters 7, 8 and magnetic microresonators 9, 10 . A theoretical study has also been investigated 11, 12 which shows that the coupling of the mechanical motion and the spin renormalizes the magnetic anisotropy and increases the tunneling splitting.
The tunneling phenomenon of nanomagnet is no restricted to single molecule magnets (SMMs). In many cases of physical interest, interactions between two large spins are taken into account. These interactions can be either ferromagnetic, which aligns the neighbouring spins or antiferromagnetic, which anti-aligns the neighbouring spins. One physical system in which these interactions occur is the dimerized molecular magnet [Mn 4 ] 2 . It comprises two Mn 4 SMMs of equal spins s 1 = s 2 = 9/2, which are coupled antiferromagnetically. The phenomenon of quantum tunneling of spins in this system has been be studied both numerically and experimentally 13, 14 . A theoretical study via spin coherent state path integral formalism has been reported recently 15 . In this case the situation is quite different from that of SMMs in that quantum tunneling is achieved via entangled antiferromagnetic states. For a free antiferromagnetically exchange-coupled dimer, it is interesting to ask how does the spins couple with the mechanical motion of the system, what is the effective two-state system and what is the effect of a dissipative environment on such rotating particles. These questions are yet an unsolved problem. We will try to address them in this paper.
Tunneling of antiferromagnetically exchange-coupled dimer, two-state system and dissipative environmentIn this section we will briefly review the model of antiferromagnetically exchange-coupled dimer of SMMs with large equal spins, and its tunneling effect. For this system, the simplest form of the Hamiltonian in the absence of an external magnetic field can be written aŝ
where J > 0 is the antiferromagnetic exchange coupling, J < 0 is the ferromagnetic exchange coupling and D J > 0 is the easy-axis anisotropy constant, S i,z , i = 1, 2 is the projection of the component of the spin along the z easy-axis. It has been demonstrated by density-functional theory that this simple model can reproduce experimental results in [Mn 4 ] 2 dimer with D = 0.58K and J = 0.27K
19 . For spin 1/2, this model can be used to model a two-qubit of quantum dots interacting via a tunneling junction. It also plays a crucial role in quantum CNOT gates and SWAP gates 17 . The total z-component of the spins S z = S 1,z + S 2,z is a conserved quantity, thus the Hamiltonian is invariant under rotation about this direction. However, the individual zarXiv:1402.2687v1 [cond-mat.mes-hall] 11 Feb 2014 component spins S 1,z , S 2,z and the staggered configuration S 1,z −S 2,z are not conserved. In the absence ofĤ int , the Hamiltonian is four-fold degenerate corresponding to the states where the individual spins are in their highest weight or lowest weight states, | ↑, ↑ , | ↓, ↓ , | ↑, ↓ , | ↓, ↑ , where |↑, ↓ =|↑ ⊗ |↓ ≡| s, −s etc, with the exchange interaction term J , the two ferromagnetic states |↑, ↑ and |↓, ↓ are still degenerate but the antiferromagnetic states |↑, ↓ and |↓, ↑ are not. These two antiferromagnetic states links to each other at 2s th order in perturbation theory 16 inĤ int , that is J 2s . Using spin coherent state path integral formalism, it was shown 15 that these two states reorganize into symmetric and antisymmetric linear superposition. The quantum spin Hamiltonian can then be written effectively aŝ
where The ground state corresponds to the maximally entangled antisymmetric combination while the first excited state corresponds to the maximally entangled symmetric combination for half-odd integer spins. For integer spins these roles are reversed. In quantum computing terminology for spin 1/2 particles, these energy eigenstates are entangled states which play a decisive role in quantum information processes, such as quantum teleportation and quantum register. There are equal probabilities of measuring either |↓, ↑ or |↑, ↓ , that is 1/2. The eigenvalue equation, Eq. (2) is effectively similar to that of a two-state system, thus this system can be mapped to an entangled pseudospin 1/2 particles whose motion is restricted to the subspace of the total Hilbert space. A convenient way of doing this mapping is by constructing the components of a matrix operator with the two-qubit states |↓, ↑ and |↑, ↓ aŝ
These matrices are entangled since they cannot be separated asα 1,x ⊗α 2,x , etc. It is noted that in the two-qubit form they satisfy the usual commutation and anti-commutation relations [α k ,α j ] = 2i ijkαk and {α k ,α j } = 2δ ij . In the matrix representation they are 4 × 4 sparse matrices which are not Pauli matrices but their subspace contains the usual 2 × 2 Pauli matrices. The HamiltonianĤ can now be projected unto the two qubit states |↓, ↑ and |↑, ↓ :
whereĤ mn = m, −m|Ĥ|n, −n . Using Eqns. (2) and (3), the matrix elements are found to be
Thus the projected Hamiltonian becomeŝ
with its eigenvalues given by {−∆/2, ∆/2}. In many cases of physical interest, the spin interacts with its environment which is usually model as a bath of bosons. The environment effect on the Hamiltonian, Eq. (7) is written in the usual form 18 .
k ,b k are the annihilation and creation operators of phonons with the wave number k. In terms of the basis states, this Hamiltonian can be written aŝ
whereK ± = k kb † kb k ±χ. In the interaction picture we can solve for the time-evolution ofα z (t) using the Heisenberg equation of motion with respect toĤ α . The resulting expression is given bŷ α z (t) =α z cos(∆t) +α y sin(∆t)
The coefficients of the trigonometric function are determined from the initial conditions at t = 0. The operator from which all other observables can be calculated is the reduced density operator. It is given bŷ
whereρ(0) =ρ α ⊗ρ B , whereρ α acts on the spin space andρ B = e −βĤ B /Z B is the density matrix of a free boson. This system is exactly solvable in the limit ∆ → 0 (independent boson model). In this limit the bosonic bath can be traced out in Eq. (11) . The object of interest in this model is usually the average values of the time evolution of the observablesα i , i = x, y, z. Using the interacting picture formulation of quantum mechanics, we have
and
int e −iĤ B t . A straight forward calculation of the trace yields
with C(t) = T e (t)dt 0 is the coherence factor between the states |↓, ↑ and |↑, ↓ . By symmetry consideration we have Ŝ − (t) = C(t) Ŝ − (0), hence
The evaluation of the equilibrium expectation value with the use of Wicks theorem 20 gives
In the continuum limit we have
where the spectral density function
s , where L, A, V are the length, area and volume of the system respectively, c s is the speed of sound. In Fig.(2) we have plotted |C(t)| for d = 1, 2, 3, with β c = 1. In the super-ohmic dissipation, d = 2, 3, the coherence factor never decays to zero while for the ohmic dissipation d = 1, the coherence factor completely decays to zero for large times c t 1, this is quite obvious from Eq. (17) . For ∆ = 0, several techniques have been developed to study this model. The most elaborate functional integral analysis can be found in Ref. [17] .
Suppose we apply a time varying staggered magnetic field along the easy z axis on the exchange-coupled dimer model, the Zeeman Hamiltonian is of the formĤ Z = −h(t)(Ŝ 1,z −Ŝ 2,z ) = −gµ B h(Ŝ 1,z −Ŝ 2,z ) cos ωt , then projecting unto the two-qubit states, Eq. (7) becomeŝ
Performing a unitary transformation along the y-axis withÛ (φ) = exp(−iφα y /2) where φ = −π/2, yieldŝ
The corresponding wave function of this system is given by
with |C ↑,↓ (t)| 2 +|C ↓,↑ (t)| 2 = 1 and E ± = ±∆/2. In the rotating wave approximation 21, 22 , the coefficients are given by
where
Using these results the expectation values of the observ-ables α i are
Rotation, interaction and environment-Rotation of a nanomagnet about the easy-axis by an angle introduces an additional coupling to the spin Hamiltonian due the the mechanical motion of the system about the axis of rotation 11, 12 . In this section, we will study the effect of rotating our model Hamiltonian about its easy-axis. In the present problem the two SMMs are interacting with each other and the total z-components of the spins is a conserved quantity, thus any rotation about this axis will leave the Hamiltonian invariant. We must seek for a direction on the easy-axis that does not commute with the Hamiltonian. A nontrivial rotation of Eq.(1) about the easy z-axis can be achieved bŷ
where φ = φ 1 − φ 2 is the relative angle on this axis and
Generalizing the procedure of the previous section, the projection of Eq.(26) unto the two-qubit spin basis giveŝ
In this case the argument of the trigonometric functions can be related to the tunneling of the spins in which S 1,z changes by 2s and S 2,z changes by −2s. The complete Hamiltonian of the rotated system must include its mechanical motion about that axis. Thus we havê
where the orbital angular momenta are L i,z = −i(d/dφ i ), and I = I 1,z − I 2,z is the relative moment of inertia of the system about the axis of rotation. Under a unitary transformation with the operatorÛ (φ) = exp(−2isφα z ), Eq.(28) becomeŝ
The first term is as a consequence of mechanical motion of the system which is being rotated. The total angular momenta J i,z = L i,z + S i,z is a conserved quantity. It is crucial to note that in the original problem i.e Eq(1), the individual components of the spins S 1,z and S 2,z are not conserved. This leads to an energy splitting ∆, thus allowing for the conservation of the individual total angular momenta J 1,z and J 2,z . If one had included the orbital angular momenta in Eq. (1), then the problem is no longer a reduced problem and the total angular momenta J 1,z and J 2,z won't be conserved. It will be interesting to investigate the effect of this inclusion on the energy splitting for large spins. In terms of J, Eq.(29) can be written aŝ
The simultaneous eigenstate of this system is given by
Diagonalization of this Hamiltonian yields the corresponding eigenvalues
with β = 2(2 s) 2 /(I∆). It is noted that the energy levels are degenerate with the sign of j 1 − j 2 for j 1 , j 2 = 0. The coefficients of the wave function are found to be
Now that we have obtained the wave function and its coefficients, the expectation values of the observablesα i can be easily evaluated. They are given by
In Fig.(3) we have shown the plot of the average values of the spins α x and α z as a function of the parameter β. The average value α x decays with increasing values of j 1 − j 2 , only becomes zero at sufficiently large values of j 1 − j 2 . Notice a similar trend between the coherence factor in Fig.(2) and the average α x .
In the absence of an external magnetic field, the two spins are aligned in an equal and opposite directions so that the total magnetization vanishes, however the staggered magnetic moment does not vanish, which can be computed as where g is the electrons g-factor and µ B is the Bohr magneton. Let us briefly address the question we raised in the introduction. How does a dissipative environment couple to a rotating molecular dimeric nanomagnet? We reiterate the fact that this question is yet an unsolved problem, however, since the rotation about the easy-axis leaves this axis unchanged, a straight forward generalization of the previous analysis giveŝ
This system involves the interaction of the total angular momenta with the spins, and the spins with the environment. The first step in solving this problem is to find an equivalent density matrix operator of Eq.(11) from which other observables can be calculated. This analysis can be done in principle.
Conclusions-In conclusion, we have investigated an antiferromagnetically exchange-coupled dimer of single molecule magnet which possesses a large spin tunneling. Perturbation theory to 2s th order transforms the system into an effective two-state system with the ground and the first excited states being an entangled state of the degenerate eigenstates of the free Hamiltonian with an energy splitting between them. The nature of this Hamiltonian allows us to map the system onto an entangled pseudospin 1/2 two-state system. For an antiferromagnetically exchange-coupled dimer which is free to rotate about the staggered easy-axis, we obtained the eigenstate and eigenvalues of this system. The average values of the system observables were calculated and plotted with the parameter of the system. Finally, we briefly discussed the environmental influence on a rotating exchange-coupled dimer. These results can be applied to a free magnetic dimer clusters in a cavity. It is also useful in quantum computation using entangled two-qubit states.
